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Supercharacters

Main Theorem

Theorem. For A C {1,

2,...,m},

A supercharacter theory of a group G is a pair
(IC, X) where I is a partition of G and X is a
partition of the irreducible characters of G such
that

the inner product

o [IC| = |X]

(x* ® x*, x*) # 0|

[(ResD (), x") # 0

The bipartite graph construction

e {l}eKand Il € X
e K € K is a union of conjugacy classes

e For S € X, Z x(1)x is constant on the parts

XES
of IC.

We call the parts of K superclasses and the char-
acters {) , cgx(1)x | S € X} supercharacters.

Create a multi-set
of arcs

by stacking
diagrams

Examples

o K ={{1},G — {1}},

X = {]19X(CG — ]1}

| characters

classes

o IC — {con,]ugacy}’ v _ {1rreduc1ble}

Main Example

(1 * )

For this
* € IF@ poster g = 2

Un

\o 1)
Ul
Ua={uvecU,|u; #0,2 < jimplies 7,5 € A}

2,...,n} (Ua =U,,|)

Start with

where A C {1,

Superclasses

K=1+U,\(U, —1)/U,«<—< such that ¢ < j and (¢,75), (k,l) € X }——

Sets A\ of pairs (¢,7) € [n] X [n] {
implies 71 # k and 5 # [

e e ogd ./\. 1T
{(1 z)} {(2 3)} {(1 3>} ((1,2), (2,3)}

Supercharacters
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For A\ a set partition, define

x* = |] (48
¢ o
:

é % ¢ " (—1)FH
X": l(“’) - q#{(a,k)€ulz<.7<k<l} ?
0,

if § < j

where

of {1,2

(2,7), (4, 1) & n,

otherwise.

data

Set partitions }

LyM}

< | implies

if and only if the bipartite graph

| 4
‘I‘Au

= (Vo U V,, E)

has a complete matching from Vg to Vg .

‘FKA = (Vg U

V,, E)]

123456

12345

6

1NN
Ot
N>
Ot
o
1NN

Edges by
nested arcs

Label

end-
points

of arcs

)

o
o

o

Separate
into two
sets of
vertices

Ve = {Arcs with both endpoints e }

Ve = {Arcs with both endpoints @ }



