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Computing the Möbius fun
tion µ(•, y)
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The Möbius fun
tion is de�ned by µ(x, x) = 1 and
∑

x6t6y

µ(x, t) = 0 if x < y 2



Some examples
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µ(12,2134) = 1

132
12 21

1
∅

µ(∅,132) = 0
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µ(132,461532) = −2
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A permutation is de
omposable if it is the dire
t sum oftwo or more (nonempty) permutations:

•

•

•

•

•

•

3 1 2 4 6 5
312465 = 312 ⊕ 1 ⊕ 21

3 4 1 2

•

•

•

•

Inde
omposable

We write π = π1 ⊕ π2 ⊕ · · · ⊕ πn only if ea
h πi is inde
omposable
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Let σ = σ1 ⊕ σ2 ⊕ · · · ⊕ σm and π = π1 ⊕ π2 ⊕ · · · ⊕ πnLet π>i = πi+1 ⊕ πi+2 ⊕ · · · ⊕ πn et
. for π>i, σ>i, σ>i

First Re
urren
e: Let ℓ > 0 and k > 1 be maximal so that

σ1 = σ2 = · · · = σℓ = 1 and π1 = π2 = · · · = πk = 1. Then

µ(σ, π) =



















0 if ℓ 6 k − 2

−µ(σ>k, π>k) if ℓ = k − 1

µ(σ>k, π>k) − µ(σ>k, π>k) if ℓ > k

Example:

µ(132,1237564) = 0

µ(132,126453) = −µ(21,4231) = −2

µ(132,13524) = µ(21,2413)−µ(132, 2413) = 3−(−1) = 45



Main Theorem: Suppose π1 6= 1. Let k > 1 be maximalso that π1 = π2 = · · · = πk. Then

µ(σ, π) =
m
∑

i=1

k
∑

j=1

µ(σ6i, π1)µ(σ>i, π>j)

Corollary: If σ = a⊕b and π = c⊕d, where c, d 6= 1, c 6= d,then

µ(σ, π) = µ(a, c) · µ(b, d)Corollary: If σ is inde
omposable (so m = 1), then

• µ(σ, π) = µ(σ, π1) if π = π1 ⊕ π1 ⊕ · · · ⊕ π1

• µ(σ, π) = −µ(σ, π1) if π = π1⊕π1⊕· · ·⊕π1⊕1 (π1 6= 1)

• µ(σ, π) = 0 otherwise 6
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•
Separable

2 4 1 3

•

•

•

•

Nonseparable

A permutation is separable ifit 
an be generated from 1 bydire
t sums and skew sums.

42351786 = 42351 ⊕ 231 =

(3124 ⊖ 1) ⊕ 231 = · · ·

A permutation is separable ifand only if it avoids the pat-terns 2413 and 3142.
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σ = 123

π = 3,1,2,6,4,5,9,7,8,10,13,11,12

The separating trees of σ and π(σ and π separable)
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−1 Unpaired o

urren
esof σ = 123 in π
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Theorem: If σ and π are separable permutations, then

µ(σ, π) =
∑

X

(�1)parity(X)

where the sum is over unpaired o

urren
es of σ in π.Note: This 
omputes µ(σ, π) in polynomial time, althoughthe size of the interval [σ, π] may grow exponentially.

Corollary: If π is separable then
|µ(σ, π)| 6 σ(π)where σ(π) is the number of o

urren
es of σ in π.In parti
ular: If π avoids 132 then |µ(σ, π)| 6 σ(π)
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More results

• µ(135 . . .2k-1 2k . . .42,135 . . .2n − 1 2n . . .42) =
(

n+k−1
n−k

)

• In parti
ular, µ(σ, π) is not bounded

• If π is separable then µ(1, π) ∈ {0,1,−1}

• If σ is inde
omposable and π = π1⊕1⊕ π2 then µ(σ, π) = 0
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Open problems:

• When is µ(σ, π) = 0?
• When is |µ(σ, π)| = σ(π)?
• What is max{µ(1, π) : |π| = n}?
• Can we relate µ(σ, π) to the homology of [σ, π]?

• Whi
h intervals [σ, π] are shellable?
• Conje
ture: maxπ∈Sn

|µ(1, π)| is unbounded as a fun
tion of n
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