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Aim and plan of the talk

@ Aim: Show two sample results on bivariate hypergeometric
series/recurrences with inspiration/proof driven by algebraic
geometry.

1. First problem: Solutions to hypergeometric recurrences in Z?.

2. Second problem: Characterize hypergeometric rational series in 2
variables.

3. Definitions/properties concerning A-hypergeometric systems and
toric residues.
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(h=c(c+1)...(c+n—1), (1), = nl, Pochammer symbol
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Solutions to hypergeometric recurrences

a)n(f)n
An:= ((i)in!) . Flo 8% = > Anx".

n>0
(ch=c(c+1)...(c+n—1), (1)nh = nl, Pochammer symbol

Key equivalence
The coefficients A, satisfy the following recurrence:

(A+mM(y+MAns — (@a+n)(B+nA =0 1)

So: Ani1/A, is the rational function of n: (o + n)(8 +n)/(1+ n)(v + n).
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Solutions to hypergeometric recurrences

(@)n(B)n a, B,7: X ZAnX

' )
(9)nn! >0

(ch=c(c+1)...(c+n—1), (1)nh = nl, Pochammer symbol

An =

Key equivalence
The coefficients A, satisfy the following recurrence:

(A+mM(y+MAns — (@a+n)(B+nA =0 1)

(1) is equivalent to the fact that F(«, 3, v; X) satisfies Gauss differential
equation (Kummer, Riemann):

0O +7-1) ~x©+a)©+B(F) =0, O =x°
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B S AL AL 7 A
(’Y)nn- ) Y ¢ <0, a /8 ’77 ngo nX

Key equivalence

If we define A, = Ofor all n € Z_g, the coefficients A, satisfy the
recurrence:

A+n(y+nNAys — (e+n)(B+nA,=0, forallneZ (2)
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M? v ¢ Z<07 Oé /8 ’77 ZAHX

An =
(’Y nft n>0

Key equivalence

If we define A, = Ofor all n € Z_g, the coefficients A, satisfy the
recurrence:

1+ N +nNA — (@+n)(B+NA =0, forallneZ (2
(2) is equivalent to the fact that F(«, 3, v; x) satisfies Gauss differential
equation:

0O +7-1)~X(O+ )@ +HIF) =0, O=xT
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Solutions to hypergeometric recurrences

B := . 7,0 ¢ Zeo, Gla,B,7,0;X) = Bnx".
" (@) 0 E B 2B

Caveat
(04+n)(vy+n)Bnt1 — (@ +n)(B+nBy=0, forallneN. (3)
but G(«, 3, v; x) does not satisfy the differential equation:

[(O+86—1)(O+7—1) —x(O + a)(© + B)](G) = 0.
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Solutions to hypergeometric recurrences

Bh := . 7,0 ¢ Zeo, G(a,fB,7,d;X) = Bnx".
"V e 2B

The normalization hides the initial condition

If we define B, = O for all n € Z_g, then

(n+1) (6 +n)(y+Nn)Bnt1 — (N+1) (a+n)(B8+n)By=0, forallneZ.
(4)

G(a, B8, 7;X) does satisfy the differential equation:

[0(0+5 —1)(© +v — 1) —X(© + 1)(© + a)(© + B)](G) = 0.
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Hypergeometric recurrences in two variables

Naive generalization
Let a;m, m, n € N such that there exist two rational functions Ry (m, n),
Ro(m, n) expressible as products of (affine) linear functions in (m, n),

such that
Bmiln _ Ry(myn), 2mntl _
amn amn
(with obvious compatibility conditions).

Rz(m, n) (5)
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Hypergeometric recurrences in two variables

Naive generalization

Let a;m, m, n € N such that there exist two rational functions Ry (m, n),
Ro(m, n) expressible as products of (affine) linear functions in (m, n),
such that

Ami1n Amn+1
——— =Ry(mn), ——— =Ry(mn 5
- 1(m, n) am 2(m, n) (5)
(with obvious compatibility conditions).
Write
P1(m,n) P2(m, n)
Riim,n) = —————— Ry(m,n)= —————.
1(m, n) Qi(m+1,n) 2(m, n) Q2(m,n+1)
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Naive generalization, suite

Consider the generating function F(xg, xz) = Zm’neN am X735 and the
differential operators (6; = xia%):
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Hypergeometric recurrences in two variables

Naive generalization, suite
Consider the generating function F(xg, xz) = Zm’neN am X735 and the
differential operators (6; = xia%):

A1 = Q1(61,62) —x1P1(01,602) Ao = Q2(61,62) — XoP2(01,02).

Then, the recurrences (5) in the coefficients ay, are equivalent to
A1(F) = Az(F) =0if Q1(0,n) = Q2(m0) =0
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Hypergeometric recurrences in two variables

Naive generalization, suite

Consider the generating function F(xq, X2) = >, nen @m X% and the
differential operators (6; = xia%):

A1 = Q1(61,62) —x1P1(01,602) Ao = Q2(61,62) — XoP2(01,02).

Then, the recurrences (5) in the coefficients ay, are equivalent to
A1(F) = Az(F) =0if Q1(0,n) = Q2(m,0) = 0 and in this case, if we
extend the definition of a,, by 0, the recurrences

Qi(m+ 1, n)ami1n — P1(mn) = Qo(m n+ 1)ampr1 — P2(mn) =0

hold for all (m,n) € Z2.
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Two examples from combinatorics

Dissections

A subdivision of a regular n-gon into (m+ 1) cells by means of

nonintersecting diagonals is called a dissection.
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Two examples from combinatorics

Dissections

A subdivision of a regular n-gon into (m+ 1) cells by means of
nonintersecting diagonals is called a dissection.

How many dissections are there?

1 n—3 m+n—1
Ol = —— : 0<m<n-3.
! m+1( m)( m > =m=n

So, the generating function is naturally defined for (m, n) belonging to
the lattice points in the rational cone {(a,b)/0<a<b—-3} (and 0
outside).

v
A. Dickenstein (U. Buenos Aires) Hyp. series with AG dressing FPSAC 2010, 08/05/10 10/ 46
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Two examples from combinatorics

[Example 9.2, Gessell and Xin, The generating function of
ternary trees and continued fractions, EJC '06]

- 1-—xy _ m-+n -
GX(va) - 1_Xy2_3Xy_X2y _m;O (Zm—n) X ynv

where (§) is defined as Oif b < Oora—b < 0.
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Two examples from combinatorics

[Example 9.2, Gessell and Xin, The generating function of
ternary trees and continued fractions, EJC '06]

- 1-—xy _ m-+n -
GX(Xay) - 1_Xy2_3Xy_X2y_m%O (Zm—n)x ynv

where (§) is defined as Oif b < Oora—b < 0.

So we are summing over the lattice points in the convex rational cone
{(a,b) eR?:2a—b>0,2b—a> 0} = R>o(1,2) + R>p(2,1). Or: the
terms are defined over Z? extending by 0 outside the cone.
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Our results through an example

Data
Consider the hypergeometric terms ay, = (—1)" %

integers with m— 2n > 0, n > 0O, which satisfy the recurrences:

for (m, n)

a8mi1n _ (2m—n+4)(2m—n+ 3) P1(m,n)

amn M+ (mM+1-2n)  Qi(m+1,n)

v
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Our results through an example

Data
Consider the hypergeometric terms ay, = (—1)" %

integers with m— 2n > 0, n > 0O, which satisfy the recurrences:

a8mi1n _ (2m—n+4)(2m—n+ 3) P1(m,n)

amn M+ (mM+1-2n)  Qi(m+1,n)

Pi(mn) = (2m—n+4) (2m—n+3), Qi(mn)=m(m— 2n)

for (m, n)
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Our results through an example

Data
n (2m—n+2)!

Consider the hypergeometric terms am, = (—1) =z
integers with m— 2n > 0, n > 0O, which satisfy the recurrences:

for (m, n)

amiin _ (2m—n+4)(2m—n+3) Pi(m,n)

ann M+ (M+1-2n)  Qi(m+1,n)

Pi(mn) = (2m—n+4) (2m—n+3), Qi(mn)=m(m— 2n)

mnrr  (M=2n)(m—-2n—1)  Py(m,n)

ann  (2m-n+2)(n+1)  Qz(m,n+1)

v

Hyp. series with AG dressing FPSAC 2010, 08/05/10  12/46




|
Our results through an example

Data
n (2m—n+2)!

Consider the hypergeometric terms am, = (—1) =z
integers with m— 2n > 0, n > 0O, which satisfy the recurrences:

for (m, n)

amiin _ (2m—n+4)(2m—n+3) Pi(m,n)

ann M+ (M+1-2n)  Qi(m+1,n)

Pi(mn) = (2m—n+4) (2m—n+3), Qi(mn)=m(m— 2n)

mnrr  (M=2n)(m—-2n—1)  Py(m,n)

ann  (2m-n+2)(n+1)  Qz(m,n+1)

Po(mn)=—-(M-2n)(m—2n—1), Qx(mn)=(2m—-n+3)n

v
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Our results through an example

We have that the terms tm, = am, for m—2n> 0,n > 0 and tmn =0
for any other (m, n) € Z2, satisfy the recurrences:

Qu(m+1, Mtmyan—Pi(m Ntmn = Q2(M,N+1)ty 1) —P2(m N)tmpn = 0.
(6)
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Our results through an example

We have that the terms tm, = am, for m—2n> 0,n > 0 and tmn =0
for any other (m, n) € Z2, satisfy the recurrences:

(6)

Question
Which other terms tmp, (M, n) € Z? satisfy (6)? J
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Our results through an example

We have that the terms tm, = am, for m—2n> 0,n > 0 and tmn =0
for any other (m, n) € Z?, satisfy the recurrences:

Qu(M+1,NMtmy1n—P1(M Nty = Q2(m, N+ 1)t(m,n+1) —Pa(m,n)tmp = 0.
(6)
Question
Which other terms tmp, (M, n) € Z? satisfy (6)?

Remark

When the linear forms in the polynomials P;, Q; defining the
recurrences have generic constant terms, the solution is given by the
Ore-Sato coefficients.
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Our results through an example

Question
Which other terms tmp, (m,n) € Z2 satisfy (6)?

Answer
There are three other solutions by, ¢, dmn (Up to linear combinations)
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Our results through an example

Answer

There are four solutions aym, brm, Cm, dmn (UP to linear combinations),
with generating series Fy, . .., F4:

2m—n+2)!
amn = (—1)" ng m! (m—2r)1)!’ F1=> m2n>0 amn X? XS,
n>0
_ m __(2m—n-1)! _ R myn
bmn = (1) nf'm! (—2m+n+3)!’ F2= E—2m+823 Brmn X1 %3
m>
—m-1! (—n-1)! N mon
Cmn = (_1)m+n (_2 T(—omen—3)1" F3=> m-2n>0 Cmn X1 X5
(m—2n)! (—2m+n—3)! 2—2m+l-n_23
d,2’,1 =1 Fs= X 7%

In all cases, ty, = 0 outside the support of the series.

A. Dickenstein (U. Buenos Aires)
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Pictorially

-2m,+m,=3

m,-2m,= 0

014

24
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54
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Explanations

@ The generating functions F; satisfy the differential equations:
[01(01 — 202) — x1(201 — O2 +4) (201 — 62 + 3)|(F) =0,
[02(—201 + O2 — 3) — x2(202 — ©1) (202 — ©1 4 1)](F) = 0.
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@ The generating functions F; satisfy the differential equations:
[01(01 — 202) — x1(201 — O2 +4) (201 — 62 + 3)|(F) =0,
[(—,)2(—2@1 +0;—3)— X2(2@2 —01) (2@2 — 01+ 1)](F) =0.

@ Consider the system of binomial equations:

01 = 0103 — 922, G = Dp1 0t — 05°

in the commutative polynomial ring C[01, . . ., O4l.
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@ Consider the system of binomial equations:

01 = 0103 — 922, G = Dp1 0t — 05°

in the commutative polynomial ring C[01, . . ., O4l.

@ The zero set g1 = g2 = 0 has two irreducible components, one of
degree 3 and mutiplicity 1, which intersects (C*)* (it is the twisted
cubic),
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Explanations

@ The generating functions F; satisfy the differential equations:
[01(01 — 202) — x1(201 — ©2 + 4) (201 — 2 + 3)|(F) =0,
[02(—201 + O2 — 3) = X2(202 — ©1) (20, — ©1 + 1)](F) = 0.

@ Consider the system of binomial equations:
01 = 0103 — 922, G = Dp1 0t — 05°

in the commutative polynomial ring C[01, . . ., O4l.

@ The zero set q; = g2 = 0 has two irreducible components, one of
degree 3 and mutiplicity 1, which intersects (C*)* (it is the twisted
cubic), and another component “at infinity”: {0, = 03 = 0},
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@ The generating functions F; satisfy the differential equations:
[01(01 — 202) — x1(201 — ©2 + 4) (201 — 2 + 3)|(F) =0,
[02(—201 + O2 — 3) = X2(202 — ©1) (20, — ©1 + 1)](F) = 0.

@ Consider the system of binomial equations:
01 = 0103 — 922, G = Dp1 0t — 05°

in the commutative polynomial ring C[01, . . ., O4l.

@ The zero set q; = g2 = 0 has two irreducible components, one of
degree 3 and mutiplicity 1, which intersects (C*)* (it is the twisted
cubic), and another component “at infinity”: {0, = 03 = 0}, of
degree 1 and multiplicity 1 = min{2 x 2,1 x 1}.
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Explanations

@ Consider the system of binomial equations:
th = 0105 — 05, A = D305 — 03

in the commutative polynomial ring C[01, . . ., O4l.
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Explanations

@ Consider the system of binomial equations:
th = 0105 — 05, A = D305 — 03

in the commutative polynomial ring C[01, . . ., O4l.

@ The zero set g; = g = 0 has two irreducible components, one of
degree 3 and mutiplicity 1, which intersects (C*)4, and another
component “at infinity”: {92 = 03 = 0},
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Explanations

@ Consider the system of binomial equations:
th = 0105 — 05, A = D305 — 03

in the commutative polynomial ring C[01, . . ., O4l.

@ The zero set g; = g = 0 has two irreducible components, one of
degree 3 and mutiplicity 1, which intersects (C*)4, and another
component “at infinity”: {9, = d3 = 0}, of degree 1 and multiplicity
1=min{2x 2,1 x 1}.

@ This multiplicity equals the intersection multiplicity at (0, 0) of the
system of two binomials in two variables:

pL=08—8 p=085-0y, a=1,b=2c=1d=2
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Explanations

@ Consider the system of binomial equations:
th = 0105 — 05, A = D305 — 03

in the commutative polynomial ring C[01, . . ., O4l.

@ The zero set g; = g = 0 has two irreducible components, one of
degree 3 and mutiplicity 1, which intersects (C*)4, and another
component “at infinity”: {9, = d3 = 0}, of degree 1 and multiplicity
1=min{2x 2,1 x 1}.

@ This multiplicity equals the intersection multiplicity at (0, 0) of the
system of two binomials in two variables:

pL=08—8 p=085-0y, a=1,b=2c=1d=2

@ The multiplicity of this only (non homogeneous) component at
infinity is equal to the dimension of the space of solutions of the
recurrences with finite support.
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Finite recurrences and polynomial solutions
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Finite recurrences and polynomial solutions
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General picture

Let B € Z™2 with rows by, . .., b, satisfying by + - - - 4+ b, = 0.

Ibji|—1
Pi=]] I] (o-0+g-1), (7)
bji<0 1=0
bji—1
Q=] IJ] t-6+¢—1), and (8)
bji>0 1=0
Hi = Qi — xiP;, 9)

where by - 0 = 32 bkbx,.
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General picture

Let B € Z™2 with rows by, . .., b, satisfying by + - - - 4+ b, = 0.

Ibji|—1

Pi=]] I] (o-0+g-1), 7)
bji<0 1=0
bji—1

Q=] IJ] t-6+¢—1), and (8)
bji>0 1=0

Hi = Qi — xiP, 9)

where by - 0 = 32 bkbx,.

The operators H; are called Horn operators and generate the left ideal
Horn (B, ¢) in the Weyl algebra D,. Call d; = pro bij = — Zbi,-<o bij the
order of the operator H;.
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General picture

Let B € Z™2 as above and let A € Z("2*1 sych that the columns
b, b of B span kerg(A).
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General picture

Let B € Z"<? as above and let A € 7Z("~2)*" such that the columns
b, b of B span kerg(A).

Write any vector u € R" as u = uy — u_, where (uy); = max(u;, 0), and
(u-)i = —min(u;, 0).

Definition

=0~ i=12
The left Dp-ideal Hp(c) is defined by:

Hp(c) = (T1,T2) + (A- 0 — A-c) C D,
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General picture

Theorem
[D.- Matusevich - Sadykov '05] For generic complex parameters c, . .., C,, the
ideals Horn (B, c) and H(c) are holonomic. Moreover,
rank(H(c)) = rank(Hom (B,¢)) = didp — > »; = g-Vvol(A Z Vi,
giepl():ljt mdepdt

where the the pairs bj, by of rows lie in opposite open quadrants of Z2.

A. Dickenstein (U. Buenos Aires)
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General picture

Theorem

[D.- Matusevich - Sadykov '05] For generic complex parameters c, . .., C,, the

ideals Horn (B, c) and H(c) are holonomic. Moreover,

rank(Hg(c)) = rank(Horn (B, c)) = did; — Z vj = g-Vol(A Z vij
giept()iit mdepdt

where the the pairs bj, by of rows lie in opposite open quadrants of Z2.

Remarks

Solutions to recurrences with finite support correspond to (Laurent)
polynomial solutions. These solutions come from (non homogeneous)

primary components at infinity of the binomial ideal (T4, T,). There are > v
many linearly independent.
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General picture

Theorem

[D.- Matusevich - Sadykov '05] For generic complex parameters c, . .., C,, the
ideals Horn (B, c) and H(c) are holonomic. Moreover,

rank(Hg(c)) = rank(Horn (B, c)) = did; — Z vj = g-Vol(A Z vij

bi, by
depdt mdepdt

where the the pairs bj, by of rows lie in opposite open quadrants of Z2.

Remarks

Solutions to recurrences with finite support correspond to (Laurent)
polynomial solutions. These solutions come from (non homogeneous)
primary components at infinity of the binomial ideal (T4, T,). There are > v
many linearly independent. For special parameters a special study is needed,
along the lines in [D. - Matusevich and Miller '10].

v
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General phylosophy

Moral of this story
Key to the answer it the homogenization and translation to the A-side! J
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Examples of rational bivariate hypergeometric series

The proof in the talk!
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Examples of rational bivariate hypergeometric series

The proof in the talk!

(st +-somp)!

Lemma: The series f(s, s,)(X) = > mere (smoyiiem!

M M
XX

is a rational function for all (s;, ;) € N2.
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Examples of rational bivariate hypergeometric series

The proof in the talk!

(st +-somp)!

Lemma: The series f(s, s,)(X) = > mere (smoyiiem!

XX
is a rational function for all (s;, ;) € N2.

Proof: fo0 (X1, %) = Ynee X 5° = m’
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Examples of rational bivariate hypergeometric series

The proof in the talk!

- !
Lemma: The series f(s, o,)(X) := > cne % XTXG2 .

is a rational function for all (s;, ;) € N2.

Proof: fo0 (X1, %) = Ynee X 5° = m’

(mu+mp)! mo_ 1
f(l,l)() ZmeNZ Tl mp! X1 X" = 1%
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Examples of rational bivariate hypergeometric series

The proof in the talk!

(stm+smp)! oy np
am) i)t X1 %

Lemma: The series f(s s,)(X) := D> cne

is a rational function for all (s;, ;) € N2.

Proof: fo0 (X1, %) = Ynee X 5° = m’
+

f(l’l)( ) ZmGNZ r:Thh'rTn?:Z') il Xanz = 17X17x2’

2 2mp)!
f(2,2) (XE’XZ) ZmeN2 ((an;h)_:_(znni))i szlxzmz =
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Examples of rational bivariate hypergeometric series

The proof in the talk!

. !
Lemma: The series f(s, o,)(X) := > cne % XIX2

is a rational function for all (s;, ;) € N2.

Proof: foo) (X1, %) = Y mene X{"X5% = m,

(mu+mp)! mo_ 1
f(l,l)() ZmeNZ Tl mp! X1 X" = 1%

2 2mp)!
f(2,2) (Xi’xz) ZmeNZ ((2:;1;(2"":22))' szlxgmz =
7 (Fru) (%, %2) + fra) (=Xa, %) + a0y (Xa, —%2) + f1,1)(—X1, —%2)) =
1-x2—x3
T332~ 205
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Examples of rational bivariate hypergeometric series

The proof in the talk!

Lemma: The series f(s, o,)(X) := > cne % XIX2

is a rational function for all (s;, ;) € N2.

Proof: fo0)(1,%) = Lmene XI%" = T @) *

(mu+mp)! mo_ 1
f(l,l)() ZmeNZ Tl mp! X1 X" = 1%

2 2mp)!
f(2,2) (Xi,xz) ZmeNZ ((2:;1;(2"":22))' szlxgmz =

7 (Fru) (%, %2) + fra) (=Xa, %) + a0y (Xa, —%2) + f1,1)(—X1, —%2)) =
1-x2—x3
T332~ 205

1—X1—Xo
f(2,2) (X]" X2) -1 2X1 —2Xp— 2X1X2+X2+X2 @
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Using residues

A second proof!
Proof: The series (s, ¢,)(X) == > epe SsllnTll;((Z”ni)), X{"x5? . defines a

rational function for all (s, ;) € N? because it equals the following
residue:
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Using residues

A second proof!

Proof: The series (s, ¢,)(X) == > epe Ssllmll)T(Z”ni)), X{"x5? . defines a

rational function for all (s3,s;) € N? because it equals the following
residue:

fisns) (X) =

Z R (t tz/(t1+t2+1)d1/\dt2)

(Xg + ) (% + t2) t to

El=—x1,E2=—%

1 1
S p— —_— 0
S1S Z 51 +&6&+1
E]_ = 11‘5
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Rational bivariate hypergeometric series

Question
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Rational bivariate hypergeometric series

Question
When is a hypergeometric series in 2 variables rational?
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Rational bivariate hypergeometric series

Question
When is a hypergeometric series in 2 variables rational?
Letc = (ci,c)andd = (o, d)) fori=1,...,r;j=1,...,she
vectors in N2, When is the series

Z [Ti_i(chm + chmp)!
H] 1(dJ m + djzrnZ)

m
Xy Xp"
meN2

the Taylor expansion of a rational function?
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Rational bivariate hypergeometric series

Answer
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Rational bivariate hypergeometric series

Answer
Theorem:
Let ¢ = (ci,c,)and d = (d},db) fori=1,...,r;j=1,...,she
vectors in N2 (with 3¢ = S d)).
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Rational bivariate hypergeometric series

Answer
Theorem:
Let ¢ = (ci,c,)and d = (d},db) fori=1,...,r;j=1,...,she
vectors in N2 (with 3¢ = S d)).

. " (ctmy+cl m)! my o .
The series oA (GM+eme)t  myyme 5 e Taylor expansion of
2Lmene T (chmy+dymp)t 71 72 i B

a rational function if and only if it is of the form s ,)(x).
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Gessell and Xin's example of a rational bivariate
hypergeometric series

What if the cone is not the first orthant?

A. Dickenstein (U. Buenos Aires) Hyp. series with AG dressing FPSAC 2010, 08/05/10 28/ 46



-
Gessell and Xin's example of a rational bivariate
hypergeometric series

What if the cone is not the first orthant?
We had

_ 1—xy _ m+ny\ .,
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Gessell and Xin's example of a rational bivariate
hypergeometric series

What if the cone is not the first orthant?
We had

B 1—Xy _ m-+n m
GX(Xay) - J__)(y2_3)(y—X2y_Z <2m_n>x yn,

where we are summing over the lattice points in the (pointed) non
unimodular convex cone R>o(1,2) + R>o(2, 1).
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Gessell and Xin's example of a rational bivariate
hypergeometric series

What if the cone is not the first orthant?
We had

B 1—Xy _ m-+n m
GX(Xay) - J__)(y2_3)(y—X2y_Z <2m_n>x yn,

where we are summing over the lattice points in the (pointed) non
unimodular convex cone R>o(1,2) + R>o(2, 1).

Calling my = 2m—n,m, = 2n — m(so that m = ZMtM p— Mt2m).
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Gessell and Xin's example of a rational bivariate
hypergeometric series

What if the cone is not the first orthant?
We had

B 1—Xy _ m-+n m
GX(X,Y) - J__)(y2_3)(y—X2y_Z <2m_n>x yn,

where we are summing over the lattice points in the (pointed) non
unimodular convex cone R>o(1,2) + R>o(2, 1).
Calling my = 2m—n,m, = 2n — m(so that m = ZMtM p— Mt2m).

1-xy (my+mp)!

= — Z umyme
1—xy2—3xy—x2y (my,mp) ELNNZ ~ my Imp! 1 Y2

where L = 7Z(1,2) + Z(2,1) = {(my,mp) € Z? : my = mp mod 3} and
= @y, =
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Gessell and Xin's example of a rational bivariate
hypergeometric series

What if the cone is not the first orthant?
We had

B 1—Xy _ m-+n m
GX(X,Y) - l_Xy2_3)(y—X2y_Z <2m_n>x yn,

where we are summing over the lattice points in the (pointed) non
unimodular convex cone R>o(1,2) + R>o(2, 1).

Calling my = 2m—n,m, = 2n — m(so that m = ZMtM p— Mt2m).

1—xy _ (m+mp)! my
I Xy2—3xy—xy Z(ml,mz)ELﬁNz g 'mp! up"uy",

where L = 7Z(1,2) + Z(2,1) = {(my,mp) € Z? : my = mp mod 3} and
= @y, =

The shape of the non zero coefficients is the expected, but the sum is
over a sublattice.

&
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The general result

Data

Suppose we are given linear functionals
Gi(mg,mp) = (by, (Mg, mp)) +ki, i=1..,n,
where bj € Z?\{0}, k € Zand 3 , b = 0.
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The general result

Data

Suppose we are given linear functionals
(g, mp) = (b, (Mg, mp)) + ki, i=1...,n,
where bj € Z?\{0}, k € Zand 3 , b = 0.

Take C a rational convex cone. The bivariate series:

_1\4(m) (_p. _
S )= 3 TTomy<o (~1)4™ (—&(m) — 1)!

XM (10)
meCcnz2 Hé,(m)>0 G(m)! 172

is called a Horn series.
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The general result

Data

Suppose we are given linear functionals
Gi(mg,mp) = (b, (M, mp)) + ki, i=1...,n,
where bj € Z?\{0}, k € Zand 3 , b = 0.

Take C a rational convex cone. The bivariate series:

(X1, X2) = Z TTom<o (=18 (=£i(m) — 1)!

XM (10)
mecnz? Hl,(m)>0 4 (m)! 172

is called a Horn series.

The coefficients c,, of ¢ satisfy hypergeometric recurrences: forj = 1,2,
and any m € C N Z? such that m+ g also lies in C:

—bj+1
Cmig _ Hbij<0H|:Ol éi(m)—l

Crm [T, 0 [Ty fi(m) +1
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The general result

Theorem
[Cattani, D.-, R. Villegas '09]
If the Horn series ¢(x1, X») is a rational function then: either
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The general result

Theorem

[Cattani, D.-, R. Villegas '09]

If the Horn series ¢(x1, X») is a rational function then: either
() n= 2r is even and, after reordering we may assume:

b1+br+1:"':br+b2rzo7 or (11)
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The general result

Theorem
[Cattani, D.-, R. Villegas '09]
If the Horn series ¢(x1, X») is a rational function then: either

() n= 2r is even and, after reordering we may assume:
b1+br+1:“':br+b2rzo7 or (11)

(i) B consists of n = 2r + 3 vectors and, after reordering, we may
assume that by, ..., by satisfy (11) and by 11 = 111, bor 120 = S,
bor 13 = —bor 1 — by 2, Where vy, v, are the primitive, integral,
inward-pointing normals of C and s, s, are positive integers.
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The general result

Theorem

[Cattani, D.-, R. Villegas '09]

If the Horn series ¢(x1, X2) is a rational function then: either
() n= 2r is even and, after reordering we may assume:

b1+br+1:“':br+b2rzo7 or (11)

(i) B consists of n = 2r + 3 vectors and, after reordering, we may
assume that by, ..., by satisfy (11) and by 11 = 111, bor 120 = S,
bor 13 = —bor 1 — by 2, Where vy, v, are the primitive, integral,
inward-pointing normals of C and s, s, are positive integers.

Moreover, ¢ can be expressed as a residue.
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Gessell and Xin's example as a residue

D(X) = CX(—=X) = Y eenze (=)™ ™ (it ) XiuXx3® is a Horn series.
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Gessell and Xin's example as a residue

D(X) = CX(—=X) = Y eenze (=)™ ™ (it ) XiuXx3® is a Horn series.

We read the lattice vectors by = (-1, -1), b, = (-1,2), b3 = (2,—1), and
we enlarge them to a configuration B by adding the vectors by = (1,0)
and bs = (—1,0).
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Gessell and Xin's example as a residue

D(X) = CX(—=X) = Y eenze (=)™ ™ (it ) XiuXx3® is a Horn series.

We read the lattice vectors by = (-1, -1), b, = (-1,2), b3 = (2,—1), and
we enlarge them to a configuration B by adding the vectors by = (1,0)
and bs = (—1,0).

B is the Gale dual of the configuration A:

11100
A= 0 0011
0120 3

and ¢(x) is the dehomogenization of a toric residue associated to
fi=z+2t+ 231:27 for=2z+ Z5t3.

A. Dickenstein (U. Buenos Aires) Hyp. series with AG dressing FPSAC 2010, 08/05/10 31/46



-
Gessell and Xin's example as a residue

D(X) = CX(—=X) = Y eenze (=)™ ™ (it ) XiuXx3® is a Horn series.

We read the lattice vectors by = (-1, -1), b, = (-1,2), b3 = (2,—1), and
we enlarge them to a configuration B by adding the vectors by = (1,0)
and bs = (—1,0).

B is the Gale dual of the configuration A:

11100
A= 0 0011
0120 3

and ¢(x) is the dehomogenization of a toric residue associated to
fi=z+2t+ 231:27 for=2z+ Z5t3.

In inhomogeneous coordinates we have the not so nice expression:

= Y () g

Xo + %13
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Outline of the proof

A key lemma about Laurent expansions of rational functions + a
nice ingredient: the diagonals of a rational bivariate power series
define classical hypergeometric algebraic univariate functions.
[Polya '22, Furstenberg '67, Safonov '00].
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A key lemma about Laurent expansions of rational functions + a
nice ingredient: the diagonals of a rational bivariate power series
define classical hypergeometric algebraic univariate functions.
[Polya '22, Furstenberg '67, Safonov '00].

Number theoretic + monodromy ingredients: we use Theorem M
below to reduce to the algebraic hyperg. functions classified by
[Beukers-Heckmann '89], [F. R. Villegas '03, Bober '08]

A. Dickenstein (U. Buenos Aires) Hyp. series with AG dressing FPSAC 2010, 08/05/10 32/46



|
Outline of the proof

A key lemma about Laurent expansions of rational functions + a
nice ingredient: the diagonals of a rational bivariate power series
define classical hypergeometric algebraic univariate functions.
[Polya '22, Furstenberg '67, Safonov '00].

Number theoretic + monodromy ingredients: we use Theorem M
below to reduce to the algebraic hyperg. functions classified by
[Beukers-Heckmann '89], [F. R. Villegas '03, Bober '08]

Many previous results on A-hypergeometric functions, allow us to
analyze the possible Laurent expansions of rational
hypergeometric solutions and to construct rational solutions using
toric residues. [Saito-Sturmfels-Takayama “99; Cattani, D.-
Sturmfels '01, 02; Cattani - D. "04] .
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Diagonals of bivariate series

Given a bivariate power series

f(X1,X2) = ) @maX{ (12)

n,m>0

and § = (01, 02) € Z?
f as:

with ged(d1, 92) = 1, we define the ¢-diagonal of

>0

= Z a51r,52r tr . (13)

r>0
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Diagonals of bivariate series

Given a bivariate power series

f(X1,X2) = ) @maX{ (12)

n,m>0

and § = (01, 02) € Z?
f as:

with ged(d1, 92) = 1, we define the ¢-diagonal of

>0

= Z a51r7(52r tr . (13)

r>0

Polya '22, Furstenberg '67, Safonov '00

If the series defines a rational function, then for every
0= ((51, (52) € Z

<o» With ged(dy, 02) = 1, the §-diagonal f5(t) is algebraic.
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Laurent series of rational functions

Let p, g € C[x1, %] coprime, f = p/g, N(g) C R? the Newton
polytope of g, vp be a vertex of N(q), v1, V2 the adjacent vertices,
indexed counterclockwise.
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Laurent series of rational functions

Let p, g € C[x1, %] coprime, f = p/g, N(g) C R? the Newton
polytope of g, vp be a vertex of N(q), v1, V2 the adjacent vertices,
indexed counterclockwise.

Hence, N(q) C vo + Rso - (V1 — Vo) + Rso - (V2 — Vo).

So, f(x) has a convergent Laurent series expansion with support
contained in X" + C for suitable w € Z2 [GKZ], where C is the cone

C =R>0 (V1 — Vo) + Rx>0 (V2 — Vo).
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Laurent series of rational functions

Let p, g € C[x1, %] coprime, f = p/g, N(g) C R? the Newton
polytope of g, vp be a vertex of N(q), v1, V2 the adjacent vertices,
indexed counterclockwise.

Hence, N(q) C vo + Rso - (V1 — Vo) + Rso - (V2 — Vo).

So, f(x) has a convergent Laurent series expansion with support
contained in X" + C for suitable w € Z2 [GKZ], where C is the cone

C= RZO (Vl — Vo) + RZO (Vz — V()).

Key Lemma

The support of the series is not contained in any subcone of the form
X¥ ¢, with C' is properly contained in C.
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Algebraic hypergeometric functions in one variable

Letv(z) = > 2, H' 1(p| Zn b = 254

@ Using Beukers-Heckman '89 it was shown by FRV '03 that v defines an
algebraic function if and only the height d := s—r, equals 1 and the
coefficients A, are integral for every n € N.
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@ Using Beukers-Heckman '89 it was shown by FRV '03 that v defines an
algebraic function if and only the height d := s—r, equals 1 and the
coefficients A, are integral for every n € N.

@ BH gave an explicit classification of all algebraic univariate
hypergeometric series, from which [FRV, Bober] classified all integral
factorial ratio sequences of height 1.
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Algebraic hypergeometric functions in one variable

Letv(2) == 3% H' 1(p'n)' 2 Y = Z] 19

@ Using Beukers-Heckman '89 it was shown by FRV '03 that v defines an
algebraic function if and only the height d := s—r, equals 1 and the
coefficients A, are integral for every n € N.

@ BH gave an explicit classification of all algebraic univariate
hypergeometric series, from which [FRV, Bober] classified all integral
factorial ratio sequences of height 1.

® Assume that gcd(ps, ..., Pr,d1,--.,G+1) = 1. Then there exist
three infinite families for A:
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Algebraic hypergeometric functions in one variable

Letv(2) == 3% H' 1(p'n)' 2 Y = Z] 19

@ Using Beukers-Heckman '89 it was shown by FRV '03 that v defines an
algebraic function if and only the height d := s—r, equals 1 and the
coefficients A, are integral for every n € N.

@ BH gave an explicit classification of all algebraic univariate
hypergeometric series, from which [FRV, Bober] classified all integral
factorial ratio sequences of height 1.

® Assume that gcd(ps, ..., Pr,d1,--.,G+1) = 1. Then there exist
three infinite families for A:

1. % gcd(a,b) = 1,
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Algebraic hypergeometric functions in one variable

Letv(2) == 3% H' 1(p'n)' 2 Y = Z] 19

@ Using Beukers-Heckman '89 it was shown by FRV '03 that v defines an
algebraic function if and only the height d := s—r, equals 1 and the
coefficients A, are integral for every n € N.

@ BH gave an explicit classification of all algebraic univariate
hypergeometric series, from which [FRV, Bober] classified all integral
factorial ratio sequences of height 1.

® Assume that gcd(ps, ..., Pr,d1,--.,G+1) = 1. Then there exist
three infinite families for A:

1. % gcd(a,b) = 1,

((a+b)n)! (2bn)! (an)!?
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Algebraic hypergeometric functions in one variable

Letv(2) == 3% H' 1(p'n)' 2 Y = Z] 19

@ Using Beukers-Heckman '89 it was shown by FRV '03 that v defines an
algebraic function if and only the height d := s—r, equals 1 and the
coefficients A, are integral for every n € N.

@ BH gave an explicit classification of all algebraic univariate
hypergeometric series, from which [FRV, Bober] classified all integral
factorial ratio sequences of height 1.

® Assume that gcd(ps, ..., Pr,d1,--.,G+1) = 1. Then there exist
three infinite families for A:

1. % ged(a, b) = 1,

(2(a+b) m! (bn)! =
2 @omraman  9d@b) =1
3 ___(2an!(2n)! ged(a, b) = 1,

* (an)! (bn)! ((a+b)n)!”

A. Dickenstein (U. Buenos Aires) Hyp. series with AG dressing FPSAC 2010, 08/05/10 35/ 46



|
Algebraic hypergeometric functions in one variable

Letv(2) == 3% H' 1(p'n)' 2 Y = Z] 19

@ Using Beukers-Heckman '89 it was shown by FRV '03 that v defines an
algebraic function if and only the height d := s—r, equals 1 and the
coefficients A, are integral for every n € N.

@ BH gave an explicit classification of all algebraic univariate
hypergeometric series, from which [FRV, Bober] classified all integral
factorial ratio sequences of height 1.

® Assume that gcd(ps, ..., Pr,d1,--.,G+1) = 1. Then there exist
three infinite families for A:

1. % ged(a, b) = 1,

(2(a+b) m! (bn)! =
2 @omraman  9d@b) =1
3 ___(2an!(2n)! ged(a, b) = 1,

* (an)! (bn)! ((a+b) n)!>
and 52 sporadic cases.
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Theorem M

In our context, (dehomogenized) series of the form

uz) = 7, I 119&(;“@)' 2", ke Noceur (with > pi = >0, ).

Calling A, = H' 1&3‘ ng, the coefficients of u equal h(n)A,, with h a

polynomial.
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Theorem M

In our context, (dehomogenized) series of the form

uz) = o, Il 119&;;“@ Z", k € Noccur (with >_,pi = stzl G)-

Calling A, = H' 123‘ n;, the coefficients of u equal h(n)A,, with h a

polynomial.

Theorem
U(Z) = ano h(n)AnZn7 V(Z) = anoAnZna

(i) The series u(z) is algebraic if and only if v(z) is algebraic.
(i) If uis rational then A, = 1 for all nand v(z) = ;=.

Proof uses monodromy as well as number theoretic arguments.
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So far, so good

... but how we figured out the statement of the general result and how
to guess the corresponding statement in dimensions 3 and higher?
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A-hypergeometric systems

Following [Gel'fand, Kapranov and Zelevinsky '87,89,90] we associate
to a matrix A € Z9%" and a vector 3 € CY a left ideal in the Weyl algebra
in n variables:
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A-hypergeometric systems

Following [Gel'fand, Kapranov and Zelevinsky '87,89,90] we associate
to a matrix A € Z9%" and a vector 3 € CY a left ideal in the Weyl algebra
in n variables:

The A-hypergeometric system with parameter j is the left ideal Ha(53)
in the Weyl algebra D, generated by the toric operators oY — 9V, for
all u,v € N" such that Au = Av, and the Euler operators Z,-nzl &z 0 — Gi
fori=1,...,d.
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A-hypergeometric systems

Following [Gel'fand, Kapranov and Zelevinsky '87,89,90] we associate
to a matrix A € Z9%" and a vector 3 € CY a left ideal in the Weyl algebra
in nvariables:

The A-hypergeometric system with parameter j is the left ideal Ha(53)
in the Weyl algebra D, generated by the toric operators oY — 9V, for
all u,v € N" such that Au = Av, and the Euler operators Zj”:l a0, — Bi
fori=1,...,d.

Note that the binomial operators generate the whole toric ideal Ia.

@ The Euler operators impose A-homogeneity to the solutions
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A-hypergeometric systems

Following [Gel'fand, Kapranov and Zelevinsky '87,89,90] we associate
to a matrix A € Z9%" and a vector 3 € CY a left ideal in the Weyl algebra
in nvariables:

The A-hypergeometric system with parameter j is the left ideal Ha(53)
in the Weyl algebra D, generated by the toric operators oY — 9V, for
all u,v € N" such that Au = Av, and the Euler operators Zj”:l a0, — Bi
fori=1,...,d.

Note that the binomial operators generate the whole toric ideal Ia.

@ The Euler operators impose A-homogeneity to the solutions

@ The toric operators impose recurrences on the coefficients of (Puiseux)
series solutions.

A. Dickenstein (U. Buenos Aires) Hyp. series with AG dressing FPSAC 2010, 08/05/10 38/ 46
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Gauss functions, revisited GKZ style
Consider the configuration in R3

A_( )

kerz(A) = ((1,1,-1,-1)) (1,1,-1,-1)=(1,1,0,0) — (0,0,1,1)

oo R
e
O Rk
=N

FPSAC 2010, 08/05/10 39/46
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Gauss functions, revisited GKZ style
Consider the configuration in R3

A_( )

kerz(A) = ((1,1,-1,-1)) (1,1,-1,-1) = (1,1,0,0) — (0,0,1,1)

oo R
e
O Rk
=N

@ The following GKZ-hypergeometric system of equations in four
variables X1, X2, X3, X4 iS @ nice encoding for Gauss equation in one

variable:
(0102 — 0304) (p) = O
(X101 + X202 + X303 + Xa0a) () = P1p
(X202 +X303) () = Pay
(X202 + Xa0a) () = B3y
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Gauss functions, revisited GKZ style

(0102 — 0304) () = O

(X201 + X202 + Xa03 + Xa0a) (1) Prp (14)
(%202 +%303) () = Payp
(X202 + %a0a) (p) = PBap
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Gauss functions, revisited GKZ style

(0102 — 0304) (ip) 0

(X101 + X202 + X303 + X404) () = fryp (14)
(%202 +%303) () = Payp
(X202 + %a0a) (p) = PBap

@ Given any (81, 82, 83) and v € C" such that A-v = (31, 52, f3) and
v; = 0, any solution ¢ of (14) can be written as

X1 X2
X)=x'f—=),
w00 = (52)

where f(z) satisfies Gauss equation with

a=Vp, 3=Vv3,y=Vv4+1
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A-hypergeometric systems

Some features
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Some features

@ A-hypergeometric systems are homogeneous versions of classical
hypergeometric systems in n — d variables (d = rank(A)).
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A-hypergeometric systems

Some features

@ A-hypergeometric systems are homogeneous versions of classical
hypergeometric systems in n — d variables (d = rank(A)).

@ Combinatorially defined in terms of configurations.
@ Closely related to toric geometry.

@ One may use algorithmic and computational techniques [Saito,
Sturmfels, Takayama "99].
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A-hypergeometric systems

Some features

@ A-hypergeometric systems are homogeneous versions of classical
hypergeometric systems in n — d variables (d = rank(A)).

@ Combinatorially defined in terms of configurations.
@ Closely related to toric geometry.

@ One may use algorithmic and computational techniques [Saito,
Sturmfels, Takayama "99].

@ Ha(p) is always holonomic and it has regular singularities iff A is regular
[GKZ, Adolphson, Hotta, Schulze—Walther]
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A-hypergeometric systems

Some features

@ A-hypergeometric systems are homogeneous versions of classical
hypergeometric systems in n — d variables (d = rank(A)).

@ Combinatorially defined in terms of configurations.
@ Closely related to toric geometry.

@ One may use algorithmic and computational techniques [Saito,
Sturmfels, Takayama "99].

@ Ha(p) is always holonomic and it has regular singularities iff A is regular
[GKZ, Adolphson, Hotta, Schulze—Walther]

@ The singular locus of the hypergeometric D,-module D,/Ha(8) equals
the zero locus of the principal A-determinant E,, whose irreducible
factors are the sparse discriminants Da corresponding to the facial
subsets A’ of A [GKZ] including Da.

v
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Theorems/Conjectures about A-hypergeometric
systems

GKZ-definition of multivariate hypergeometric functions gives a combinatorial
meaning to parameters and a geometric meaning to solutions.
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Theorems/Conjectures about A-hypergeometric
systems

GKZ-definition of multivariate hypergeometric functions gives a combinatorial
meaning to parameters and a geometric meaning to solutions.

Rational A-hypergeometric functions
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Theorems/Conjectures about A-hypergeometric
systems

GKZ-definition of multivariate hypergeometric functions gives a combinatorial
meaning to parameters and a geometric meaning to solutions.

Rational A-hypergeometric functions

@ We studied the constraints imposed on a regular A by the existence of
stable rational A-hypergeometric functions; essentially, functions with
singularities along the discriminant locus Da.

v
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Theorems/Conjectures about A-hypergeometric
systems

GKZ-definition of multivariate hypergeometric functions gives a combinatorial
meaning to parameters and a geometric meaning to solutions.

Rational A-hypergeometric functions

@ We studied the constraints imposed on a regular A by the existence of
stable rational A-hypergeometric functions; essentially, functions with
singularities along the discriminant locus Da.

@ We proved that “general” configurations A do NOT admit such rational
functions [Cattani—D.—Sturmfels '01] and gave a conjectural
characterization of the configurations and of the shape of the rational
functions in terms of essential Cayley configurations and toric residues.
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Theorems/Conjectures about A-hypergeometric
systems

GKZ-definition of multivariate hypergeometric functions gives a combinatorial
meaning to parameters and a geometric meaning to solutions.

Rational A-hypergeometric functions

@ We studied the constraints imposed on a regular A by the existence of
stable rational A-hypergeometric functions; essentially, functions with
singularities along the discriminant locus Da.

@ We proved that “general” configurations A do NOT admit such rational
functions [Cattani—D.—Sturmfels '01] and gave a conjectural
characterization of the configurations and of the shape of the rational
functions in terms of essential Cayley configurations and toric residues.

@ All codimension 1 configurations [CDS '01], dimension 1
[Cattani—D’Andrea—D. '99] and 2 [CDS '01], Lawrence configurations
[CDS '02], fourfolds in P’ [Cattani—D. '04], codimension 2 [CDRV '09].

v
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Cayley configurations

Definition
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Cayley configurations

Definition

A configuration A c Z9 is said to be a Cayley configuration if there
exist vector configurations Aq, . .., Ax+1 in Z" such that —up to
affine equivalence—

A = {e}xA U - U {gq1txAq1 C ZF % 7", (15)

where ey, ..., 1 is the standard basis of Z*1,
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Cayley configurations

Definition
A configuration A c Z9 is said to be a Cayley configuration if there

exist vector configurations Aq, . .., Ax+1 in Z" such that —up to
affine equivalence—

A = {elxA U - U {1} xAq1 C Z¥x 7" (15)
where ey, ..., 1 is the standard basis of Z*1,

A Cayley configuration is a Lawrence configuration if all the
configurations A; consist of exactly two points.
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Cayley configurations

Definition

A Cayley configuration is essential if k = r and the Minkowski sum
> ict A has affine dimension at least ||| for every proper subset | of
{1,...,r+1}.
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Cayley configurations

Definition

A Cayley configuration is essential if k = r and the Minkowski sum
> ict A has affine dimension at least ||| for every proper subset | of
{4,...,r +1}.

@ For a codimension-two essential Cayley configuration A, r of the
configurations A;, say Aq, ..., A, must consist of two vectors and the
remaining one, A,;1, must consist of three vectors.
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Cayley configurations

Definition

A Cayley configuration is essential if k = r and the Minkowski sum
> ict A has affine dimension at least ||| for every proper subset | of
{4,...,r +1}.

@ For a codimension-two essential Cayley configuration A, r of the
configurations A;, say Aq, ..., A, must consist of two vectors and the
remaining one, A,;1, must consist of three vectors.

@ To an essential Cayley configuration we associate a family of r + 1
generic polynomials in r variables with supports A;, such that any r of
them intersect in a positive number of points. Adding local residues over
this points gives a rational function!
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Summarizing

Our statement of bivariate hypergeometric series is the translation of
the general combinatorial structure on the A-side (which also provides
statements for the generalization to any number of variables)

A. Dickenstein (U. Buenos Aires)
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Summarizing

Our statement of bivariate hypergeometric series is the translation of
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The study of A-hypergeometric systems provides a general framework
under which we can treat many systems that had been studied
separately in the literature.
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@ Describe all algebraic Laurent series solutions for Cayley
configurations (in progress).
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Our statement of bivariate hypergeometric series is the translation of
the general combinatorial structure on the A-side (which also provides
statements for the generalization to any number of variables)

The study of A-hypergeometric systems provides a general framework
under which we can treat many systems that had been studied
separately in the literature.

Questions

@ Describe all algebraic Laurent series solutions for Cayley
configurations (in progress).

@ How to prove the conjectures beyond dimension/codimension
two? There exists a characterization of normal configurations A for
which all solutions are algebraic ([Beukers '10]), certainly for non
integer parameter vectors 5. New techniques are needed. )
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The End

Thank you for your attention!
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