Flows and Tensions Relative Polytopal Complexes

modular tension polynomial modular flow polynomial A d-dimensional polytope P is integral if all vertices of P have integer coordinates.
Og(k) = #nowhere-zero Z-tensions pg(k) = #nowhere-zero Z-tflows P is called compressed if every pulling triangulation of P is unimodular.
integral tension polynomial integral flow polynomial A relative polytopal complex is a pair C’' < C of polytopal complexes.
O0g(k) = #nowhere-zero k-tensions pc(k) = #nowhere-zero k-flows
UC\UC' is the set of points x € R” contained in C but notin C, that is,
Zi-tension t: E— 7 Zi-flow f:E—7Z; e\ Jc'=Jr\ | P
k-tension t:E— {—k+1,...,k—1} k-flow f:E—{-k+1,...,k—1} -
such that along SVASIY cycle such that at everyvertex < e For any set X c R” the Ehrhart function Ly : Z., — Z., is given by
tension is conserved flow is conserved

a flow is determined Ly (k) :=#Z7Z"nk- X.
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— network matrix flow on tree edges Stanley-Reisner ideal

Theorem. (Steingrimsson 2001) p first two determined _j k determined by cube In:= (x" | supp(u) € A) < K[x o
The chromatic polynomial yg(k+1) of agraph G oll)'(i::tation by network matrix A PP = o
is the Hilbert function of a relative Stanley-Reisner ideal. and a spanning tree T Stanley-Reisner ring

. €3 (in black) K[A] :=K [xl, .4l xn] /IA
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Do other counting polynomials in graph theory have start with a graph G y

the same property? — C'cC S Injari={x" | supp(u) € A) S K[A]
4 network matrix hyperplanes subdivision of the cube i :
@Xiam Zk ;ﬂ'wg & boundary glpthg cube T Lo Rl

H;, (k) counts monomials of

counting POIynomiaIS aS Theorem . o TR

AXg
o ® Let G be a graph. Then
H I I b e rt F u n Ct I o n S the modular and integral flow polynomials and K[x]:= b
K[Xl, X2, x?)] \
X X1

the modular and integral tension polynomials of G

are Hilbert functions of relative Stanley-Reisner ideals.
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@ck) = H; (k) = (k-1)(k—2)

C isintegral and compressed

_4k—1 49 k _6k—1 9 k—1 A
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Theorem. #tetrahedra with 4 facets removed T T #open triangles Injar = (X1, X3)
A polynomial f(k) = Z?:()fi(kl_-l) is the Hilbert function #tetrahedra with 3 facets removed  #open tetrahedra c K[x]/Ia
of some relative Stanley-Reisner ideal if and only if A pulling triangulation A'c A of C'cC -

fez R S The Hilbert function of Ix/ar IS

;€79 fora <i<d.
HIA/A’(k) — Zk
exploded view of A X7
label vertices of A
. with x; € K[xq,..., Xg]
Better Bounds on the Coefficients Hilbert equals Ehrhart
~-exploiting the geometry of |ns[lglee(;(zg;aegz‘;clzgsg.arXiW004 3470.] In = { X1X6, X2 X5, X4 X7, X1X5,X2X3, X2X7,X2X6, X4 X5, X5Xg )
° . 0 —,—J > .
Theorem. cube diagonals facet diagonals \ ._ Theorem.
Let ' ' : Let C be a polytopal complex.
et p denote the mOdUIalj flow or tension polynomial of a graph Ipn/nr = ( X1X3Xg, X3XeXg, X1X2X4Xg, X3X5XeX7 ) © K[A] P P P
Let d + 1 = degp and define the h-vector (hy,...,h4+1) Of —fl—‘ S If all faces of C are compressed lattice polytopes,
the polynomial (k+ 1)4*1 — p(k) b triangles SrimEL : : . . . then
polynomial (k+ 1) = p(k) by A ) £ R striped triangles introduced by triangulation,
0 d+1 inA\A : : for any subcomplex C' < C
d+1 v ez +...hg12 not contained in A’ : , j—
1+ ) ((k+D*" = pk))z* = 1= 2+ : there exists a relative Stanley-Reisner ideal I a’
k=1 K[A] =K [x1,...,Xg]/IA | such that forall ke Z.

Then 1. ho < hl <...= hLd/ZJ» /_) LUC\UC'(IC) = HIA/A’(k)° (_\

2. h;<hy_; for i<d/2, Ehrhart Hilbert

3. (ho, h1 — h(), hg — hl, coon h[d/Z] — h[d/Z]—l) is an M-vector. polynomial function




